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1. INTRODUCTION
Relativistic effects are important for fast-moving particles. Because the average speeds of valence
electrons are low, it was originally thought [in fact by Dirac (1) himself ] that relativity then was
unimportant. It has now been known for a while that relativistic effects can strongly influence
many chemical properties of the heavier elements (2–5). Well-confirmed examples include the
yellow color, nobility, and trivalency of gold and the large effects on the bond lengths. A probable,
but not explicitly demonstrated, consequence is the liquidity of mercury at room temperature. A
recent example is the lead-acid battery that derives most of its voltage from relativistic effects.

In a broad sense, the differences between the sixth period (Cs through Rn) and the preceding
fifth period (Rb through Xe) largely result from relativistic effects and the lanthanide contraction
(the traditional explanation). This information has been noted in chemistry textbooks for a couple
of decades now.

In this review I find it useful to repeat key arguments and mention the latest examples and
detailed explanations and confirmations. The fundamental aspects (mainly the next physical level
of quantum electrodynamics) are discussed in a companion review (6). A new Periodic Table
(PT) up to Z = 172 has been suggested in Reference 7. Since the publication of Reference 5
and its supplement (8), other reviews on relativity in chemistry have appeared, including those by
Balasubramanian (9) and Kaltsoyannis (10) (for main-group chemistry, see 11).

2. FUNDAMENTALS

2.1. Simple Estimates and Textbooks

Among the most important consequences of relativistic quantum chemistry are the simple expla-
nations it provides for teaching and understanding the chemistry of the heavier elements.

2.1.1. A simple argument. A simple argument (probably first published in Reference 2) that
makes relativistic effects plausible is the following.

The inner electrons move fast in heavy elements. For the innermost, 1s shell, the average radial
velocity is for a nonrelativistic, hydrogenlike approximation

⟨vr ⟩1s = Z (1)

= 80 for Hg (2)

in atomic units, where the speed of light, c, is = 137.035999679(94) (year 2008 standard value).
This leads to a mass increase,

m = γ m0 (3)

= m0/
√

1 − (v/c )2. (4)

The increased mass gives a smaller Bohr radius

a0 = !2/me2. (5)

This yields a relativistic contraction and stabilization of all s and most p orbitals of many-electron
atoms. The nonrelativistic binding energy is En = − Z2

2n2 , and the first relativistic correction to it
will be of order Erel

n = − Z4

2n3c 2 . For hydrogenlike atoms, an exact solution of the Dirac equation
shows that the higher s and p states are percentally as strongly relativistic as their inner counterparts.
Moreover, because of the stronger screening of the nuclear attraction by the contracted s and p
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Rela<vis<c	effect	Lorentz	factor		



A	hydrogen-like	atom	
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UNDERSTANDING THE SPIN-ORBIT COUPLING

The SO term splits atomic p, d, . . . levels into the pairs ( p3/2, p1/2), (d5/2, d3/2), and so on, corresponding to a total
angular momentum j = l ± 1

2 .
Section 2.1.1 demonstrates that a hydrogenlike atom can have relativistic energy contributions of the order

c −2 Z4 a.u. The SO coupling of the electron spin magnetic moment µ = ge s with the orbital angular momentum l
for quantum number l > 0 has the same order of magnitude. How do we see that, and why is it a relativistic effect?
Two useful textbooks are Moss (12) and Atkins & Friedman (13, pp. 215–17, 238).

A particle moving with velocity v in electric field E will see a magnetic field

B = 1
c 2 E × v. (S1)

This is a relativistic effect, an element in a Lorentz transformation. [This is to the lowest level. The full expression
is of type By = γ (B ′

y − vE ′
z/c 2), where γ is defined in Equation 4 (see Reference 12, p. 69).] We also obtain c−2

from this equation. In a hydrogenlike atom, the typical v grows like Z, and the typical E grows like Z3 (one power
from the nuclear charge, two powers from the typical r−2), so we obtain the desired c −2 Z4 interaction.

For a spherically symmetrical potential φ(r),

E = − r
r
φ′, (S2)

with φ′ = dφ

dr . Hence

B = − 1
rc 2 φ′r × v. (S3)

As l = r × p, and hence r × v = 1
me

l, we get the Hamiltonian

hSO = −µe · B = 1
merc 2 φ′µ · l = e

m2
e rc 2 φ′s · l, (S4)

which must still be divided by 2, the celebrated Thomas factor of two, because of a further Lorentz transformation
to the electron rest frame (for a simple derivation, see 12, pp. 81–84).

As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).
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l, we get the Hamiltonian

hSO = −µe · B = 1
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m2
e rc 2 φ′s · l, (S4)

which must still be divided by 2, the celebrated Thomas factor of two, because of a further Lorentz transformation
to the electron rest frame (for a simple derivation, see 12, pp. 81–84).

As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).
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roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4
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2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
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As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).
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Rela<vis<c	effects	

Rela2vity:	
Switch	the	coordinate	frame	
Moving	E	à	
	
Quantum	spin:	
Electron	has	a	spin	s	à	h	=	-μs�B	
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The	Rela<vis<c	Hamiltonian	



The	Fully	Rela<vis<c	Hamiltonian	



Total	angular	momentum,	

µs g B = (5.79 x 10-5 eV/T)2B = 0.0021 eV 
B = 18    Tesla 

 A huge field 

Experimental	consequence:	fine	structure	

Na	



Experimental	consequence:	sp	contrac<on	
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1. INTRODUCTION
Relativistic effects are important for fast-moving particles. Because the average speeds of valence
electrons are low, it was originally thought [in fact by Dirac (1) himself ] that relativity then was
unimportant. It has now been known for a while that relativistic effects can strongly influence
many chemical properties of the heavier elements (2–5). Well-confirmed examples include the
yellow color, nobility, and trivalency of gold and the large effects on the bond lengths. A probable,
but not explicitly demonstrated, consequence is the liquidity of mercury at room temperature. A
recent example is the lead-acid battery that derives most of its voltage from relativistic effects.

In a broad sense, the differences between the sixth period (Cs through Rn) and the preceding
fifth period (Rb through Xe) largely result from relativistic effects and the lanthanide contraction
(the traditional explanation). This information has been noted in chemistry textbooks for a couple
of decades now.

In this review I find it useful to repeat key arguments and mention the latest examples and
detailed explanations and confirmations. The fundamental aspects (mainly the next physical level
of quantum electrodynamics) are discussed in a companion review (6). A new Periodic Table
(PT) up to Z = 172 has been suggested in Reference 7. Since the publication of Reference 5
and its supplement (8), other reviews on relativity in chemistry have appeared, including those by
Balasubramanian (9) and Kaltsoyannis (10) (for main-group chemistry, see 11).

2. FUNDAMENTALS

2.1. Simple Estimates and Textbooks

Among the most important consequences of relativistic quantum chemistry are the simple expla-
nations it provides for teaching and understanding the chemistry of the heavier elements.

2.1.1. A simple argument. A simple argument (probably first published in Reference 2) that
makes relativistic effects plausible is the following.

The inner electrons move fast in heavy elements. For the innermost, 1s shell, the average radial
velocity is for a nonrelativistic, hydrogenlike approximation

⟨vr ⟩1s = Z (1)

= 80 for Hg (2)

in atomic units, where the speed of light, c, is = 137.035999679(94) (year 2008 standard value).
This leads to a mass increase,

m = γ m0 (3)

= m0/
√

1 − (v/c )2. (4)

The increased mass gives a smaller Bohr radius

a0 = !2/me2. (5)

This yields a relativistic contraction and stabilization of all s and most p orbitals of many-electron
atoms. The nonrelativistic binding energy is En = − Z2

2n2 , and the first relativistic correction to it
will be of order Erel

n = − Z4

2n3c 2 . For hydrogenlike atoms, an exact solution of the Dirac equation
shows that the higher s and p states are percentally as strongly relativistic as their inner counterparts.
Moreover, because of the stronger screening of the nuclear attraction by the contracted s and p
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=123 % m=γm0 

Example	1:	Hg	
•  Why	Hg	is	in	a	liquid	metal	at	room	temperature?		

•  Contrac<on	of	s	and	p	shells,	decrease	in	En	
•  Expansion	of	d	and	f	shells,	increase	in	En	

Hg:	5d10	6s2		

	The	6s2	orbital	is	contracted	so	much	that	they	only	weakly	contribute	to	any	bonding,	which	is	weak	vdW	type.	

•  The	Hg-s	state	is	lower	in	energy	than	Te-p	states	in	HgTe		(discuss	later),	
giving	rise	to	the	topological	insulator	state.	



Experimental	consequence:	sp	contrac<on	

Au:	5d10	6s1		

Example	2:	Au	
•  Why	does	Au	have	the	golden	color?	(Known	Al	and	Ag	are	white)	

Small	gap	between	filled			5d	(expansion)	
																											and	empty	6s	(contrac<on)								

More	examples:	

PC63CH03-Pyykko ARI 27 February 2012 9:31

Table 1 Some inorganic chemistry textbooks introducing relativity ideas∗

Authors
Year (year of edition

ideas first introduced) Reference
Wulfsberg 1991 (1987) 17 (see chapter 1-8 and also pp. 175, 260, 1084)
Cotton et al. 1999 (1988) 18 (see chapter 16.13)
Mackay et al. 1996 (1989) 19
Huheey et al. 1993 20 (see pp. 579, 879–80)
Normana 1997 (1994) 21 (see p. 30)
Hollemann et al. 2007 (1995) 22 (see chapter 2.1.4, pp. 338–40)
Greenwood & Earnshaw 1997 23 (see pp. 599, 1180, 1266, 1274)
Mingos 1998 24 (see pp. 26, 367)

∗See author comment in Reference 22.
aA British school textbook.

! Why are aurides [Au(-I) compounds (15)] so common? This results from the larger 6s binding
energy, seen by the 6s hole, which is a reflection of a higher electron affinity (EA). Even the
isoelectronic Pt2− compound (Ba2+)2(Pt2−)(2e−) has been made (16).

! Additionally, CsAu is a relativistic semiconductor, and CsAu(NR) would be a metal (see
Reference 5, p. 578).

! Why is mercury liquid? It is probably because the filled 6s2 shell is now more stable. However,
explicit proof is still missing.

! There is also the existence of atomic ground-state changes, such as Mo 4d 55s 1 but W 5d 46s 2

(s down, d up). Changes also occur for the main oxidation state from Sn(IV) to Pb(II) (at least
partly because 6s was stabilized). With regard to diatomic Tl2, it has a small dissociation
energy, resulting from the larger SO stabilization of the 6p1 atoms than that of the molecule.
Finally, there is the existence of monovalent Bi(I) compounds, caused by the SO stabilization
of the filled 6p∗ = 6p1/2 subshell.

2.2. The Dirac-Coulomb-Breit Electronic Hamiltonian
A good basis for a quantitative treatment is the DCB (Dirac-Coulomb-Breit) Hamiltonian. For
electrons in nuclear potential Vn, it can be written as

H =
∑

i

hi +
∑

i< j

hij. (6)

The one-particle Dirac Hamiltonian

hi = c α · p + βc 2 + V n, p = −i∇. (7)

The two-particle Hamiltonian

hij = hC + hB, hC = 1/rij, (8)

where

hB = − 1
2rij

[αi · α j + (αi · rij)(α j · rij)/r2
ij ]. (9)

For hB, there are alternative, frequency-dependent forms (see, e.g., 25). In the Coulomb gauge
used for a magnetic vector potential A, one sets ∇ · A = 0. Then the electron-electron interac-
tions can be taken as instantaneous. In correlated calculations (beyond single-Slater-determinant,

48 Pyykkö

A
nn

u.
 R

ev
. P

hy
s. 

C
he

m
. 2

01
2.

63
:4

5-
64

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 W
IB

64
17

 - 
M

ax
-P

la
nc

k-
G

es
el

ls
ch

af
t o

n 
04

/0
3/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.

PC63CH03-Pyykko ARI 27 February 2012 9:31

Table 1 Some inorganic chemistry textbooks introducing relativity ideas∗
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Year (year of edition

ideas first introduced) Reference
Wulfsberg 1991 (1987) 17 (see chapter 1-8 and also pp. 175, 260, 1084)
Cotton et al. 1999 (1988) 18 (see chapter 16.13)
Mackay et al. 1996 (1989) 19
Huheey et al. 1993 20 (see pp. 579, 879–80)
Normana 1997 (1994) 21 (see p. 30)
Hollemann et al. 2007 (1995) 22 (see chapter 2.1.4, pp. 338–40)
Greenwood & Earnshaw 1997 23 (see pp. 599, 1180, 1266, 1274)
Mingos 1998 24 (see pp. 26, 367)

∗See author comment in Reference 22.
aA British school textbook.

! Why are aurides [Au(-I) compounds (15)] so common? This results from the larger 6s binding
energy, seen by the 6s hole, which is a reflection of a higher electron affinity (EA). Even the
isoelectronic Pt2− compound (Ba2+)2(Pt2−)(2e−) has been made (16).

! Additionally, CsAu is a relativistic semiconductor, and CsAu(NR) would be a metal (see
Reference 5, p. 578).

! Why is mercury liquid? It is probably because the filled 6s2 shell is now more stable. However,
explicit proof is still missing.

! There is also the existence of atomic ground-state changes, such as Mo 4d 55s 1 but W 5d 46s 2

(s down, d up). Changes also occur for the main oxidation state from Sn(IV) to Pb(II) (at least
partly because 6s was stabilized). With regard to diatomic Tl2, it has a small dissociation
energy, resulting from the larger SO stabilization of the 6p1 atoms than that of the molecule.
Finally, there is the existence of monovalent Bi(I) compounds, caused by the SO stabilization
of the filled 6p∗ = 6p1/2 subshell.

2.2. The Dirac-Coulomb-Breit Electronic Hamiltonian
A good basis for a quantitative treatment is the DCB (Dirac-Coulomb-Breit) Hamiltonian. For
electrons in nuclear potential Vn, it can be written as

H =
∑

i

hi +
∑

i< j

hij. (6)

The one-particle Dirac Hamiltonian

hi = c α · p + βc 2 + V n, p = −i∇. (7)

The two-particle Hamiltonian

hij = hC + hB, hC = 1/rij, (8)

where

hB = − 1
2rij

[αi · α j + (αi · rij)(α j · rij)/r2
ij ]. (9)

For hB, there are alternative, frequency-dependent forms (see, e.g., 25). In the Coulomb gauge
used for a magnetic vector potential A, one sets ∇ · A = 0. Then the electron-electron interac-
tions can be taken as instantaneous. In correlated calculations (beyond single-Slater-determinant,
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(Au-1)	



Two	types	of	SOC	in	solids	
Symmetry-independent:	
	exists	in	all	types	of	crystals	
	stem	from	SOC	in	atomic	orbitals,	similar	to	that	in	atoms.	
Symmetry-dependent:	
	exists	only	in	crystals	without	inversion	symmetry	
(a)	Bychkov-Rashba	(surface):	usually	referred	to	Surface-Induced-Asymmetry	(SIA)		
(b)	Dresselhaus	interac<on	(bulk):	Bulk-Induced-Assymetry	(BIA)	
exists	only	in	crystals	with/without	inversion	symmetry	
(c)	General	SOC:	Local-Space-Asymmetry	(LSA),	surface	and	bulk	



Symmetry-independent	SOC	
22 3 The Extended Kane Model

Table 3.1. Symmetry classification of the bands in the extended Kane model

Single group Double group

Oh/Td Full rotation group R Oh/Td

j = 3/2 (D−
3/2)

✲ Γ−
8

Γ−
5

✛ l = 1 (D−
1 )

p antibonding
✑✑✸
◗◗& j = 1/2 (D−

1/2)
✲ Γ−

7

Γ−
1

✛ l = 0 (D−
0 )

s antibonding
✲ j = 1/2 (D−

1/2)
✲ Γ−

6

j = 3/2 (D+
3/2)

✲ Γ+
8

Γ+
5

✛ l = 1 (D+
1 )

p bonding
✑✑✸
◗◗& j = 1/2 (D+

1/2)
✲ Γ+

7

tion band are odd (D−
1 of R, Γ−

5 of Oh). The symmetries of the bands are
summarized in Table 3.1.

When SO coupling is taken into account, l = 0 becomes the total angular
momentum j = 1/2 so that the states transform according to Γ6 of Td (D−

1/2 of
R). The Γ5 bands split into fourfold degenerate j = 3/2 states, transforming
according to Γ8 of Td (D±

3/2 of R), and j = 1/2 states, transforming according
to Γ7 of Td (D±

1/2 of R). As the splitting between the valence bands Γ v
8 and

Γ v
7 is a direct consequence of SO coupling, the band Γ v

7 is sometimes called
the spin–orbit split-off valence band [6]. The resulting 14 basis functions are
listed in Table C.1.

3.2 Invariant Decomposition for the Point Group Td

Before discussing the details of the extended Kane model, we shall study the
general features of a multiband Hamiltonian for the point group Td according
to the theory of invariants.

For the point group Td, there are three double-group representations, de-
noted Γ6, Γ7, and Γ8. They provide the building blocks for any spin-dependent
multiband Hamiltonian for Td. For the two-dimensional representations Γ6

and Γ7, we need four basis matrices. Here we can use the unit matrix 2×2

and the Pauli spin matrices σi. For the four-dimensional representation Γ8,
we need 16 matrices, which can be constructed from the three angular-
momentum matrices Jx, Jy, and Jz for j = 3/2 and properly symmetrized
powers thereof. The construction of basis matrices for the off-diagonal sub-
spaces between Γ6, Γ7, and Γ8 is described in [7]. All basis matrices are listed
in Table C.3.

Winkler	book	2003’	

Δ	

Zinc	blend	semiconductors	
Si,	Ge,	GaAs,	CdTe,	HgTe	



Symmetry-independent	SOC	

Δ	~	Z2		(outer	p	shell)	

28 3 The Extended Kane Model

Table 3.3. Comparison between experimental SO gaps ∆exp
0 and theoretical SO

gaps ∆theo
0 estimated by means of (3.5) using the ionicities fi. Taken from [15]

Compound ∆exp
0 (eV) ∆theo

0 (eV) fi

C 0.006 0.006 0
Si 0.044 0.044 0
Ge 0.29 0.29 0
α-Sn 0.80 0
AlN 0.012 0.449
AlP 0.060 0.307
AlAs 0.29 0.274
AlSb 0.75 0.80 0.250
GaN 0.011 0.095 0.500
GaP 0.127 0.11 0.327
GaAs 0.34 0.34 0.310
GaSb 0.80 0.98 0.261
InN 0.08 0.578
InP 0.11 0.16 0.421
InAs 0.38 0.40 0.357
InSb 0.82 0.80 0.321
ZnO −0.005 0.03 0.616
ZnS 0.07 0.09 0.623
ZnSe 0.43 0.42 0.630
ZnTe 0.93 0.86 0.609
CdS 0.066 0.09 0.685
CdSe 0.42 0.699
CdTe 0.92 0.94 0.717
HgS 0.13 0.79
HgSe 0.48 0.68
HgTe 0.99 0.65

In subsequent chapters we shall often describe hole states by means of the 4×4
Luttinger Hamiltonian H8v8v, which is the simplest model for the fourfold
degenerate topmost valence band [22].4 We would like to remark that even
though H8v8v does not depend on the SO gap ∆0, it corresponds to the limit
of strong SO interaction ∆0 → ∞.

In fact, we can establish a hierarchy of k · p models, starting from the full
14 × 14 extended Kane Hamiltonian and going down through models with a
successively reduced size. These smaller models can be derived from H14×14

by means of Löwdin partitioning so that they contain terms of higher order in
k. Here, our definition of the reduced band parameters in Table C.9 ensures
that, to leading order in k, the smaller models yield the same results as the
14×14 extended Kane model. Only higher-order terms in a Taylor expansion
of the dispersion En(k) differ from each other if a larger or smaller model
4 Often the 6 × 6 valence band Hamiltonian containing the bands Γ v

8 and Γ v
7 is

also called the Luttinger Hamiltonian [23,24].

2p	
	
4p	

1.08	

SOC	splits	bands.	



Symmetry-independent	SOC	

-	

+	

+	
-	

Te-p	

Hg-s	 Te-p	

Cd-s	

Due	to	the	strong	Hg-6s	contrac<on,	the	Hg-6s	band	is	lower	than	Te-5p	bands.	

The	rela<vis<c	terms	induce	a	band	inversion.	

1/c expansion of the Dirac equation 

Smaller by a factor of  2 (“Thomson factor of two”, 1926)  
Reason: non-inertial frame 

 

Ĥ =
p̂2

2m
+ eV

non-relativistic
 

+
p̂4

8m2c2

K.E. correction


+
2

8m2c2 ∇
2V

Darwin term
  

+


4m2c2


σ i(

∇V × p̂)

SOI
  

Landau& Lifshits IV: Berestetskii, Lifshits, Pitaevskii 
Quantum Electrodynamics, Ch. 33 

All three corection terms are of the same order 



Symmetry	and	band	spliAng	

Time	reversal	symmetry:		s	à–s,	l	à–l,	s.l	à	s.l,	kà	–k,	En(s,	k)	=	En	(–s,–k)	
Inversion	symmetry:										s	à		s,	l	à		l,	s.l	à	s.l,	kà	–k,	En(s,	k)	=	En	(s,–k)	
	

TRS	+	Inversion	symmetry	 TRS	+	Inversion	breaking	

En(s,	k)	=	En	(-s,k)	 En(s,	k)	≠	En	(-s,k)	



Rashba	SOC	

E	

+	

+	

+	

+	

+	

+	

+	

+	

+	

+	

+	

+	

+	

+	

+	

v	e	
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UNDERSTANDING THE SPIN-ORBIT COUPLING

The SO term splits atomic p, d, . . . levels into the pairs ( p3/2, p1/2), (d5/2, d3/2), and so on, corresponding to a total
angular momentum j = l ± 1

2 .
Section 2.1.1 demonstrates that a hydrogenlike atom can have relativistic energy contributions of the order

c −2 Z4 a.u. The SO coupling of the electron spin magnetic moment µ = ge s with the orbital angular momentum l
for quantum number l > 0 has the same order of magnitude. How do we see that, and why is it a relativistic effect?
Two useful textbooks are Moss (12) and Atkins & Friedman (13, pp. 215–17, 238).

A particle moving with velocity v in electric field E will see a magnetic field

B = 1
c 2 E × v. (S1)

This is a relativistic effect, an element in a Lorentz transformation. [This is to the lowest level. The full expression
is of type By = γ (B ′

y − vE ′
z/c 2), where γ is defined in Equation 4 (see Reference 12, p. 69).] We also obtain c−2

from this equation. In a hydrogenlike atom, the typical v grows like Z, and the typical E grows like Z3 (one power
from the nuclear charge, two powers from the typical r−2), so we obtain the desired c −2 Z4 interaction.

For a spherically symmetrical potential φ(r),

E = − r
r
φ′, (S2)

with φ′ = dφ

dr . Hence

B = − 1
rc 2 φ′r × v. (S3)

As l = r × p, and hence r × v = 1
me

l, we get the Hamiltonian

hSO = −µe · B = 1
merc 2 φ′µ · l = e

m2
e rc 2 φ′s · l, (S4)

which must still be divided by 2, the celebrated Thomas factor of two, because of a further Lorentz transformation
to the electron rest frame (for a simple derivation, see 12, pp. 81–84).

As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).

www.annualreviews.org • Relativistic Effects in Chemistry 47

A
nn

u.
 R

ev
. P

hy
s. 

C
he

m
. 2

01
2.

63
:4

5-
64

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 W
IB

64
17

 - 
M

ax
-P

la
nc

k-
G

es
el

ls
ch

af
t o

n 
04

/0
3/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.

α ~ E0 Z2 

       Surface-induced asymmetry: Rashba interaction 

z>0 and z<0 half-spaces 
are not equivalent: 
     has a specified direction 

 
ĤR =

k2

2m
+αn̂i σ × k( ) = k2

2m
+α σ xky − σ

ykx( )
t→ −t :  k→ −k,σ → −σ

k

n̂

n̂

 k, n̂,

σThree vectors: 

How to form a scalar? 

HR =
k2 / 2m α ky + ikx( )

α ky − ikx( ) k2 / 2m

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ ⇒  ε± =

k2

2m
±αk

E. I. Rashba and V. I. Sheka: Fiz. Tverd. Tela  3 (1961) 1735;  ibid. 1863;  
Sov. Phys. Solid State  3 (1961) 1257;  ibid. 1357. 

Yu. A. Bychkov and E. I. Rashba, JETP Lett. 39, 78 (1984);  
Yu. A. Bychkov and E. I. Rashba, J. Phys. C: Solid State Phys. 17 (1984) 6039. 



Rashba	SOC	
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UNDERSTANDING THE SPIN-ORBIT COUPLING

The SO term splits atomic p, d, . . . levels into the pairs ( p3/2, p1/2), (d5/2, d3/2), and so on, corresponding to a total
angular momentum j = l ± 1

2 .
Section 2.1.1 demonstrates that a hydrogenlike atom can have relativistic energy contributions of the order

c −2 Z4 a.u. The SO coupling of the electron spin magnetic moment µ = ge s with the orbital angular momentum l
for quantum number l > 0 has the same order of magnitude. How do we see that, and why is it a relativistic effect?
Two useful textbooks are Moss (12) and Atkins & Friedman (13, pp. 215–17, 238).

A particle moving with velocity v in electric field E will see a magnetic field

B = 1
c 2 E × v. (S1)

This is a relativistic effect, an element in a Lorentz transformation. [This is to the lowest level. The full expression
is of type By = γ (B ′

y − vE ′
z/c 2), where γ is defined in Equation 4 (see Reference 12, p. 69).] We also obtain c−2

from this equation. In a hydrogenlike atom, the typical v grows like Z, and the typical E grows like Z3 (one power
from the nuclear charge, two powers from the typical r−2), so we obtain the desired c −2 Z4 interaction.

For a spherically symmetrical potential φ(r),

E = − r
r
φ′, (S2)

with φ′ = dφ

dr . Hence

B = − 1
rc 2 φ′r × v. (S3)

As l = r × p, and hence r × v = 1
me

l, we get the Hamiltonian

hSO = −µe · B = 1
merc 2 φ′µ · l = e

m2
e rc 2 φ′s · l, (S4)

which must still be divided by 2, the celebrated Thomas factor of two, because of a further Lorentz transformation
to the electron rest frame (for a simple derivation, see 12, pp. 81–84).

As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).
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α ~ E0 Z2 

Rashba states 

 ΔR

 k

ε

 εF

 ε± =
k2

2m
±αk

 
 ψ ± =

1
2

1
ieiφk

⎛

⎝
⎜

⎞

⎠
⎟

 Sz,± =
1
2
ψ ±σ

zψ ± = 0

 
 Sx,± =

1
2
ψ ±σ

xψ ± = ±
1
2

sinφk ;  Sy,± =
1
2
ψ ±σ

yψ ± = 
1
2

cosφk

  kiS± = 0



E	

+	

+	

+	

+	

+	

+	

+	

+	

+	

-	 -	 -	 -	 -	

+	

e	

Dresselhaus	SOC	
Dresselhaus Hamiltonian 

G. Dresselhaus: Phys. Rev. 100(2), 580–586 (1955)!
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UNDERSTANDING THE SPIN-ORBIT COUPLING

The SO term splits atomic p, d, . . . levels into the pairs ( p3/2, p1/2), (d5/2, d3/2), and so on, corresponding to a total
angular momentum j = l ± 1

2 .
Section 2.1.1 demonstrates that a hydrogenlike atom can have relativistic energy contributions of the order

c −2 Z4 a.u. The SO coupling of the electron spin magnetic moment µ = ge s with the orbital angular momentum l
for quantum number l > 0 has the same order of magnitude. How do we see that, and why is it a relativistic effect?
Two useful textbooks are Moss (12) and Atkins & Friedman (13, pp. 215–17, 238).

A particle moving with velocity v in electric field E will see a magnetic field

B = 1
c 2 E × v. (S1)

This is a relativistic effect, an element in a Lorentz transformation. [This is to the lowest level. The full expression
is of type By = γ (B ′

y − vE ′
z/c 2), where γ is defined in Equation 4 (see Reference 12, p. 69).] We also obtain c−2

from this equation. In a hydrogenlike atom, the typical v grows like Z, and the typical E grows like Z3 (one power
from the nuclear charge, two powers from the typical r−2), so we obtain the desired c −2 Z4 interaction.

For a spherically symmetrical potential φ(r),

E = − r
r
φ′, (S2)

with φ′ = dφ

dr . Hence

B = − 1
rc 2 φ′r × v. (S3)

As l = r × p, and hence r × v = 1
me

l, we get the Hamiltonian

hSO = −µe · B = 1
merc 2 φ′µ · l = e

m2
e rc 2 φ′s · l, (S4)

which must still be divided by 2, the celebrated Thomas factor of two, because of a further Lorentz transformation
to the electron rest frame (for a simple derivation, see 12, pp. 81–84).

As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).
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preserved then this is the only allowed spin dependent term
at q ! 0. If the mirror symmetry is broken (either by a
perpendicular electric field or by interaction with a sub-
strate) then a Rashba term [10] of the form "s# p$ % ẑ is
allowed,

H R ! !R y""x#zsy & "ysx$ : (4)

For !R ! 0, !so leads to an energy gap 2!so with E"q$ !
'

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
"@vFq$2 (!2

so

p
. For 0< !R < !so the energy gap

2"!so & !R$ remains finite. For !R > !so the gap closes,
and the electronic structure is that of a zero gap semicon-
ductor with quadradically dispersing bands. In the follow-
ing we will assume that !R < !so and analyze the
properties of the resulting gapped phase. This assumption
is justified by numerical estimates given at the end of the
Letter.

The gap generated by "z#zsz is different from the gap
that would be generated by the staggered sublattice poten-
tials, "z or "zsz. The ground states in the presence of the
latter terms are adiabatically connected to simple insulat-
ing phases at strong coupling where the two sublattices are
decoupled. In contrast, the gap parameter "z#zsz produces
gaps with opposite signs at theK andK0 points. This has no
simple strong coupling limit. To connect smoothly between
the states generated by "z and "z#zsz one must pass
through a critical point where the gap vanishes, separating
ground states with distinct topological orders.

The interaction (3) is related to a model introduced
by Haldane [11] as a realization of the parity anomaly in
"2( 1$-dimensional relativistic field theory. Taken sepa-
rately, the Hamiltonians for the sz ! '1 spins violate time
reversal symmetry and are equivalent to Haldane’s model
for spinless electrons, which could be realized by introduc-
ing a periodic magnetic field with no net flux. As Haldane
showed, this gives rise to a "z#z gap, which has opposite
signs at the K and K0 points. At temperatures well below
the energy gap this leads to a quantized Hall conductance
"xy ! 'e2=h. This Hall conductance computed by the
Kubo formula can be interpreted as the topological Chern
number induced by the Berry’s curvature in momentum
space [12,13]. Since the signs of the gaps in (3) are
opposite for opposite spins, an electric field will induce
opposite currents for the opposite spins, leading to a spin
current Js ! "@=2e$"J" & J#$ characterized by a quantized
spin Hall conductivity

"sxy !
e

2$
: (5)

Since spin currents do not couple to experimental probes it
is difficult to directly measure (5). Moreover, the conser-
vation of sz will be violated by the Rashba term (4) as well
as terms which couple the $ and " orbitals. Nonetheless,
Murakami et al. [14] have defined a conserved spin sz"c$,
allowing "sxy to be computed via the Kubo formula. We
find that "sxy computed in this way is not quantized when

!R ! 0, though the correction to (5) is small due to car-
bon’s weak SO interaction.

In the quantum Hall effect the bulk topological order
requires the presence of gapless edge states. We now show
that gapless edge states are also present in graphene. We
will begin by establishing the edge states for !R ! 0. We
will then argue that the gapless edge states persist even
when !R ! 0, and that they are robust against weak
electron-electron interactions and disorder. Thus, in spite
of the violation of (5) the gapless edge states characterize a
state which is distinct from an ordinary insulator. This QSH
state is different from the insulators discussed in Ref. [5],
which do not have edge states. It is also distinct from the
spin Hall effect in doped GaAs, which does not have an
energy gap.

For !R ! 0, the Hamiltonian (2) and (3) conserves sz,
and the gapless edge states follow from Laughlin’s argu-
ment [15]. Consider a large cylinder (larger than @vF=!so)
and adiabatically insert a quantum % ! h=e of magnetic
flux quantum down the cylinder (slower than !so=@). The
resulting azimuthal Faraday electric field induces a spin
current such that spin @ is transported from one end of the
cylinder to the other. Since an adiabatic change in the
magnetic field cannot excite a particle across the energy
gap !so it follows that there must be gapless states at each
end to accommodate the extra spin.

An explicit description of the edge states requires a
model that gives the energy bands throughout the entire
Brillouin zone. Following Haldane [11], we introduce a
second neighbor tight binding model,

H !
X

hiji&
tcyi&cj& (

X

hhijii&'
it2(ijs

z
&'c

y
i&cj': (6)

The first term is the usual nearest neighbor hopping term.
The second term connects second neighbors with a spin
dependent amplitude. (ij ! &(ji ! '1, depending on the
orientation of the two nearest neighbor bonds d1 and d2 the
electron traverses in going from site j to i. (ij ! (1 (& 1)
if the electron makes a left (right) turn to get to the second
bond. The spin dependent term can be written in a coor-
dinate independent representation as i"d1 # d2$ % s. At low
energy (6) reduces to (2) and (3) with !so ! 3

!!!
3
p
t2.

The edge states can be seen by solving (7) in a strip
geometry. Figure 1 shows the one-dimensional energy
bands for a strip where the edges are along the zigzag
direction in the graphene plane. The bulk band gaps at
the one-dimensional projections of the K and K0 points are
clearly seen. In addition two bands traverse the gap, con-
necting the K and K0 points. These bands are localized at
the edges of the strip, and each band has degenerate copies
for each edge. The edge states are not chiral since each
edge has states which propagate in both directions.
However, as illustrated in Fig. 2 the edge states are ‘‘spin
filtered’’ in the sense that electrons with opposite spin
propagate in opposite directions. Similar edge states occur
for armchair edges, though in that case the 1D projections
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Murakami et al. [14] have defined a conserved spin sz"c$,
allowing "sxy to be computed via the Kubo formula. We
find that "sxy computed in this way is not quantized when
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will begin by establishing the edge states for !R ! 0. We
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of the violation of (5) the gapless edge states characterize a
state which is distinct from an ordinary insulator. This QSH
state is different from the insulators discussed in Ref. [5],
which do not have edge states. It is also distinct from the
spin Hall effect in doped GaAs, which does not have an
energy gap.

For !R ! 0, the Hamiltonian (2) and (3) conserves sz,
and the gapless edge states follow from Laughlin’s argu-
ment [15]. Consider a large cylinder (larger than @vF=!so)
and adiabatically insert a quantum % ! h=e of magnetic
flux quantum down the cylinder (slower than !so=@). The
resulting azimuthal Faraday electric field induces a spin
current such that spin @ is transported from one end of the
cylinder to the other. Since an adiabatic change in the
magnetic field cannot excite a particle across the energy
gap !so it follows that there must be gapless states at each
end to accommodate the extra spin.

An explicit description of the edge states requires a
model that gives the energy bands throughout the entire
Brillouin zone. Following Haldane [11], we introduce a
second neighbor tight binding model,
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electron traverses in going from site j to i. (ij ! (1 (& 1)
if the electron makes a left (right) turn to get to the second
bond. The spin dependent term can be written in a coor-
dinate independent representation as i"d1 # d2$ % s. At low
energy (6) reduces to (2) and (3) with !so ! 3
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The edge states can be seen by solving (7) in a strip
geometry. Figure 1 shows the one-dimensional energy
bands for a strip where the edges are along the zigzag
direction in the graphene plane. The bulk band gaps at
the one-dimensional projections of the K and K0 points are
clearly seen. In addition two bands traverse the gap, con-
necting the K and K0 points. These bands are localized at
the edges of the strip, and each band has degenerate copies
for each edge. The edge states are not chiral since each
edge has states which propagate in both directions.
However, as illustrated in Fig. 2 the edge states are ‘‘spin
filtered’’ in the sense that electrons with opposite spin
propagate in opposite directions. Similar edge states occur
for armchair edges, though in that case the 1D projections
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νij = +1 (-1) for left (right) turn hopping  
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UNDERSTANDING THE SPIN-ORBIT COUPLING

The SO term splits atomic p, d, . . . levels into the pairs ( p3/2, p1/2), (d5/2, d3/2), and so on, corresponding to a total
angular momentum j = l ± 1

2 .
Section 2.1.1 demonstrates that a hydrogenlike atom can have relativistic energy contributions of the order

c −2 Z4 a.u. The SO coupling of the electron spin magnetic moment µ = ge s with the orbital angular momentum l
for quantum number l > 0 has the same order of magnitude. How do we see that, and why is it a relativistic effect?
Two useful textbooks are Moss (12) and Atkins & Friedman (13, pp. 215–17, 238).

A particle moving with velocity v in electric field E will see a magnetic field

B = 1
c 2 E × v. (S1)

This is a relativistic effect, an element in a Lorentz transformation. [This is to the lowest level. The full expression
is of type By = γ (B ′

y − vE ′
z/c 2), where γ is defined in Equation 4 (see Reference 12, p. 69).] We also obtain c−2

from this equation. In a hydrogenlike atom, the typical v grows like Z, and the typical E grows like Z3 (one power
from the nuclear charge, two powers from the typical r−2), so we obtain the desired c −2 Z4 interaction.

For a spherically symmetrical potential φ(r),

E = − r
r
φ′, (S2)

with φ′ = dφ

dr . Hence

B = − 1
rc 2 φ′r × v. (S3)

As l = r × p, and hence r × v = 1
me

l, we get the Hamiltonian

hSO = −µe · B = 1
merc 2 φ′µ · l = e

m2
e rc 2 φ′s · l, (S4)

which must still be divided by 2, the celebrated Thomas factor of two, because of a further Lorentz transformation
to the electron rest frame (for a simple derivation, see 12, pp. 81–84).

As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).
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+	Refs:	
C.	L.	Kane	and	E.	J.	Mele,		
Phys.	Rev.	Le3.	95,	226801	(2005).	
F.	D.	M.	Haldane,		
Phys.	Rev.	Le3.	61,	2015	(1988).		
	



More	general	than	graphene	

Bi-pxy	

Bi-pz	

Bi-pxy	

Bi-pz	

(b)	With	SOC	

We	confirm	that	the	surface	state	near	-100	meV	is	indeed	the	Bi-pz	state.	
Next,	we	will	fit	above	ab	inito	results	using	a	simple	TB	model	in	the	2D	triangular	lasce.	

M																				Γ																						K									M									K	 M																				Γ																						K									M									K	

(a)	Without	SOC	



3	 2	

1	4	 0	

5	 6	

Top	Bi	atoms	form	a	triangular	lasce.	
The	underlying	Pt	atom.	

Besides	 the	 common	 Rashba	 effect,	 there	 is	 a	 spin-
dependent	hopping	term	along	a	Bi-Bi	bond,	 like	 the	
Kane-Mele	term	in	grapehene.	

β	
β	β	

-β	

-β	-β	

The	Hamiltonian	can	be	wri3en	as		

Where,	vij=-vji=1,	depends	on	the	rela<ve	hopping	
direc<on	with	respect	to	the	underlying	Pt	neighbor.	

The	Bi	layer	exhibits	C3	symmetry,	
rather	than	C6,	due	to	the	Pt	layer	
below	it.	

Lasce	constant:	a			=	4.6513	Å	



Fisng	without	HKM	term	 Fisng	with	HKM	term	
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t=0.35	
α	=	0.5	
β	=	0	

t=0.35	
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More	examples:	
ZK	Liu,	B.	Yan	et	al,	arXiv:1602.05633,	Nature	Comm.	in	press	
K.	Nakajin	and	S.	Murakami,	Physical	Review	B	91,	(2015).	
X.	Zhang,	et	al,	Nature	Physics	10,	387	(2014).	



Outline	
	
Spin-orbit	coupling	in	an	atom	
•  Atom	SOC	
•  Contrac<on	of	s	and	p	shells	

Spin-orbit	coupling	in	solids	
•  Atomic	SOC,	such	as	HgTe	
•  Rashba	effect	
•  Dresselhaus	effect	
•  SOC	in	graphene	

Figure	credit:	M.	Chapman	&	C.	Sá	de	Melo,	
Nature	471,	41–42	(2011)		
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UNDERSTANDING THE SPIN-ORBIT COUPLING

The SO term splits atomic p, d, . . . levels into the pairs ( p3/2, p1/2), (d5/2, d3/2), and so on, corresponding to a total
angular momentum j = l ± 1

2 .
Section 2.1.1 demonstrates that a hydrogenlike atom can have relativistic energy contributions of the order

c −2 Z4 a.u. The SO coupling of the electron spin magnetic moment µ = ge s with the orbital angular momentum l
for quantum number l > 0 has the same order of magnitude. How do we see that, and why is it a relativistic effect?
Two useful textbooks are Moss (12) and Atkins & Friedman (13, pp. 215–17, 238).

A particle moving with velocity v in electric field E will see a magnetic field

B = 1
c 2 E × v. (S1)

This is a relativistic effect, an element in a Lorentz transformation. [This is to the lowest level. The full expression
is of type By = γ (B ′

y − vE ′
z/c 2), where γ is defined in Equation 4 (see Reference 12, p. 69).] We also obtain c−2

from this equation. In a hydrogenlike atom, the typical v grows like Z, and the typical E grows like Z3 (one power
from the nuclear charge, two powers from the typical r−2), so we obtain the desired c −2 Z4 interaction.

For a spherically symmetrical potential φ(r),

E = − r
r
φ′, (S2)

with φ′ = dφ

dr . Hence

B = − 1
rc 2 φ′r × v. (S3)

As l = r × p, and hence r × v = 1
me

l, we get the Hamiltonian

hSO = −µe · B = 1
merc 2 φ′µ · l = e

m2
e rc 2 φ′s · l, (S4)

which must still be divided by 2, the celebrated Thomas factor of two, because of a further Lorentz transformation
to the electron rest frame (for a simple derivation, see 12, pp. 81–84).

As discussed in Section 2.3.1, the hydrogenlike Z4 trend is changed to an approximate Z2 one for both scalar
and SO relativistic effects for the valence electrons of analogous many-electron systems.

shells, one obtains in many-electron atoms a relativistic expansion and destabilization of d and
f shells. These effects are large enough to substantially contribute to the chemical differences
between periods 5 (Rb through Xe) and 6 (Cs through Rn) of the PT. Both these direct and
indirect effects and the spin-orbit (SO) splitting increase for valence shells down a given column
roughly as Z2. Here Z is the full nuclear charge. In hydrogenlike systems, one would have the Z4

trend (see Understanding the Spin-Orbit Coupling, sidebar above).

2.1.2. The entry into chemistry textbooks. Some chemistry textbooks that introduce relativity
ideas are listed in Table 1.

Some chemical trends that can then be qualitatively explained include the following:
! Why is gold noble? This is owing to its larger 6s binding energy. Moreover, gold is tri- or

pentavalent because of its smaller 5d binding energy (for explicit calculations, see Reference
14). Moreover, its yellow color is caused by the smaller gap from the filled 5d shell to the
half-filled 6s band (see Section 3.1 below for a full discussion).
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Spin-orbit	coupling:		
a	general	rela2vis2c	effect	in	solids	

Thanks	for	your	aMen2on!	


